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Viscous dissipation occurs in the boundary layers on the walls of a channel in which a flow is accelerated
from rest by the sudden imposition of a pressure gradient. We analyse the thermal boundary layer due to
this dissipative heating, obtaining numerical solutions and also asymptotic solutions for the cases of both
large and small Prandtl number, with both isothermal and adiabatic wall conditions. With large Pr the
temperature rise is controlled by the viscous layer, so is independent of Pr and of the wall condition. With
small Pr heat is conducted away from the viscous layer more rapidly, so the temperature rise is reduced
as Pr decreases.
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1. Introduction
Heating by viscous dissipation is often ignored in studies of both free and forced convection. For it to
have a significant effect on flow or heat transfer generally requires large length scales and/or large body
forces. Nevertheless, it has been suggested that it may be important in rapidly rotating systems (Geb-
hart, 1962) or in some geophysical applications (Turcotte, Spence and Bau, 1982). In a vertical channel
it produces a buoyancy force parallel to the flow (see Barletta (1998) and many subsequent papers by
this author and his co-workers), but in a horizontal channel it may cause instability by heating fluid near
the lower boundary which therefore becomes less dense than the fluid higher up in the channel (Bar-
letta, 2015). Aside from physical considerations, viscous dissipation yields considerable mathematical
interest by introducing a nonlinear dependence of the heat transfer on the flow.
The equations for steady, fully developed forced convection in a vertical channel with isothermal
walls admit dual solutions when viscous heating is accounted for: Barletta, Magyari & Keller (2005)
showed that for any specified upward volume flux up to some maximum value, two solutions for the
velocity and temperature profiles may be found (although Miklavcˇicˇ (2015) has shown that one solu-
tion branch is unstable). However, no solution exists if the volume flux is greater than the maximum
value. The problem was re-formulated by Kay (2016), with the imposed pressure gradient rather than
volume flux as the control parameter: dual solutions were found for any given pressure gradient up to
a maximum value, with no solution existing for greater values of the forcing. Kay (2016) speculated
that imposing a greater upward forcing would yield an unsteady solution with finite-time blow-up: the
forced flow would produce high levels of viscous heating, leading to upward buoyancy forces combining
with the imposed pressure gradient to produce an ever faster, more strongly heated flow.
To test the blow-up hypothesis will require a numerical solution of the equations for unsteady forced
convection. The initial conditions are expected to be of little importance; but some initial conditions do
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need to be specified. The simplest starting point is a static, isothermal condition. The pressure gradient
is then imposed from time t = 0, causing the flow to accelerate, but with boundary layers growing from
the no-slip walls until viscous effects are felt throughout the flow. The solution for such a flow without
viscous heating was given by Lamb (1927), as a parabolic Poiseuille flow profile plus a transient in the
form of a Fourier series. [The solution presented by Lamb was actually for the instantaneous removal
of the pressure gradient from an established Poiseuille flow.] Unlike the Fourier series, a numerical
scheme might have some difficulty with the discontinuity in the conditions at t = 0 at the walls. So
it would be useful to have an (approximate) analytical solution for the initial growth of the boundary
layers, to initiate the numerical solution. We shall see that the buoyancy term in the momentum equation
is negligible in this initial stage of the flow, although we shall retain it in our derivation until that fact
is established. Thus we shall be considering the forced-convection boundary layer on a plane wall in
impulsively started flow with viscous dissipation, which we consider to have its own intrinsic interest
even though our original motivation was to overcome an anticipated difficulty in solving the mixed
convection problem in a vertical duct.
2. Governing equations
We consider two-dimensional, uni-directional, solenoidal flow in a channel of width 2L with vertical,
plane, no-slip walls. A constant vertical pressure gradient dPd/dZ is imposed, where Pd is the difference
between total pressure and hydrostatic pressure, and Z is the vertical coordinate, increasing upwards.
Under the Boussinesq approximation, the unsteady vertical momentum equation is then
ρm
∂W
∂ t
=−dPd
dZ
+ρmgβ (T −Tm)+µ ∂
2W
∂Y 2
, (2.1)
whereW is vertical velocity, T is temperature and Y is the transverse coordinate. The reference temper-
ature Tm must be taken to be the cross-section mean of temperature (Barletta & Zanchini, 1999; Kay,
2016) and may therefore vary in time, but the reference density ρm is taken to be constant everywhere
that it appears explicitly in the equations, under the Boussinesq approximation. The viscosity µ and
thermal expansion coefficient β are assumed constant, as are the thermal conductivity k and specific
heat c in the energy equation,
ρmc
∂T
∂ t
= k
∂ 2T
∂Y 2
+µ
(
∂W
∂Y
)2
. (2.2)
Here we have used a formulation which includes viscous heating but not pressure work, which Barletta
(2008, 2009) argues is consistent with the Boussinesq approximation.
The initial conditions are static, isothermal fluid:
W = 0 and T = T0 at t = 0 . (2.3)
The no-slip condition applies at the walls, and we shall consider both the cases of isothermal and adia-
batic walls:
W = 0 and either T = T0 or
∂T
∂Y
= 0 at Y =±L . (2.4)
To define the dimensionless transverse coordinate y and the dimensionless time τ we use the half-
width of the channel and a conduction time-scale:
y=
Y
L
, τ =
k
ρmcL2
t . (2.5)
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However, the scales used for defining the dimensionless velocity w and temperature θ are derived from
a balance between conduction and viscous heating (Miklavcˇicˇ & Wang, 2011; Kay, 2016):
w=
ρmgβL2
k
W , θ =
(ρmgβL2)2
kµ
(T −T0) . (2.6)
A scale for defining the dimensionless pressure gradient Π is obtained from a Poiseuille flow balance
with our velocity scale:
Π =
ρmgβL4
kµ
dPd
dZ
. (2.7)
A discussion of physical magnitudes will be postponed until after we have solved the equations; for
now, we note that the above definitions yield dimensionless momentum and energy equations,
1
Pr
∂w
∂τ
= −Π +(θ −θm)+ ∂
2w
∂y2
, (2.8)
∂θ
∂τ
=
∂ 2θ
∂y2
+
(
∂w
∂y
)2
(2.9)
in which there are only two control parameters, the pressure gradient Π and the Prandtl number
Pr =
cµ
k
. (2.10)
The initial conditions are
w= 0 and θ = 0 at τ = 0 . (2.11)
The boundary conditions are
w= 0 and either θ = 0 or
∂θ
∂y
= 0 at y=±1 . (2.12)
The dimensionless cross-section mean temperature is
θm =
1
2
∫ 1
−1
θ dy . (2.13)
3. The momentum boundary layer
Our concern is with how the flow starts up. The initial conditions satisfy the energy equation (2.9)
but not the momentum equation (2.8) when a non-zero pressure gradient Π is imposed. However, the
buoyancy and viscous terms are zero at t = 0, so the momentum equation is satisfied by a uniformly
accelerating flow,
w=−PrΠτ . (3.1)
This does not satisfy the no-slip condition at the walls, so there are boundary layers in which the viscous
term must be included:
1
Pr
∂w
∂τ
=−Π + ∂
2w
∂y2
. (3.2)
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Equation (3.2) shows that the boundary layer thickness is ∼ (Prτ)1/2; we therefore define a similarity
variable for the flow near the wall y= 1,
η =
1− y
(2Prτ)1/2
, (3.3)
and we let
w(y,τ) =−PrΠτv(η) . (3.4)
The flow is symmetric about y = 0, so we do not need to consider the wall y = −1 separately. The
continued neglect of the buoyancy term in (2.8) is justified by observing that ∂w/∂y = O(τ1/2) in the
boundary layer, so (2.9) implies that θ = O(τ2) as τ → 0.
In terms of the new variables, the boundary layer equation (3.2) becomes
v′′+ηv′−2v=−2 (3.5)
(where primes denote differentiation with respect to η), with
v(0) = 0 , v→ 1 as η → ∞ . (3.6)
This problem is essentially the same as that solved by Blasius (1908) in his study of the boundary layer
on a flat plate in accelerating flow. The solution is
v=−η2 +
√
2
pi
η exp
(
−1
2
η2
)
+(1+η2)erf
(
η√
2
)
. (3.7)
This velocity profile is plotted in Figure 1. Bear in mind that the velocity magnitude increases propor-
tional to τ , while the width scale of the boundary layer increases proportionally to τ1/2. The velocity
profile remains valid until either the buoyancy force in the momentum equation becomes significant or
the width of the boundary layer becomes comparable to the channel width.
4. The thermal boundary layer: isothermal walls
According to (3.7), the viscous heating term in the energy equation (2.9) is
(
∂w
∂y
)2
= 2PrΠ 2τ
{
−η erfc
(
η√
2
)
+
√
2
pi
exp
(
−1
2
η2
)}2
(4.1)
within the momentum boundary layer, and vanishes outside the boundary layer. To balance the viscous
heating and temperature change terms in (2.9), we therefore let
θ(y,τ) = PrΠ 2τ2ψ(ζ ) , (4.2)
where the similarity variable for the thermal boundary layer near the wall y= 1 is
ζ =
1− y
(2τ)1/2
= Pr1/2η . (4.3)
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FIG. 1. Velocity profile according to the solution (3.7)
In terms of the new variables, (2.9) becomes
d2ψ
dζ 2
+ζ
dψ
dζ
−4ψ =−4
{
− ζ
Pr1/2
erfc
(
ζ
(2Pr)1/2
)
+
√
2
pi
exp
(
− ζ
2
2Pr
)}2
. (4.4)
With isothermal walls, the boundary conditions are
ψ(0) = 0, ψ → 0 as ζ → ∞ . (4.5)
The complementary function for (4.4) is
ψc = A
{
3+6ζ 2 +ζ 4
}
+B
{√
2
pi
(5ζ +ζ 3)exp
(
−1
2
ζ 2
)
+(3+6ζ 2 +ζ 4)erf
(
ζ√
2
)}
(4.6)
where A and B are arbitrary constants. A particular integral is available from Mathematica ( c©Wolfram
Research, Inc.) in closed form, but is too complicated to be of any practical use. So we shall display
results of a numerical solution of (4.4) and (4.5) with Pr = 1, and then obtain asymptotic solutions in
the limits of large and small Prandtl numbers, corresponding respectively to very viscous liquids such
as glycerine and liquid metals.
Figure 2 shows the solution with Pr = 1. The following numerical data, which relate to the temper-
ature increase in the boundary layer, the wall heat flux and the total rate of energy dissipation, are of
interest. The maximum value of ψ is ψM = 0.07719, attained at ζM = 0.3745. Furthermore,
dψ
dζ
∣∣∣∣
ζ=0
= 0.5319, (4.7)
and ∫ ∞
0
ψ(ζ )dζ = 0.06988 . (4.8)
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FIG. 2. Temperature profile in the thermal boundary layer for Pr = 1, from numerical solution of (4.4) with (4.5).
4.1 Boundary layer structure at large Prandtl number
With large Pr there is a relatively broad viscous boundary layer in which the temperature is raised by
viscous heating, and the temperature profile adjusts to the wall condition in a narrow thermal boundary
layer. Outside the thermal boundary layer, heat conduction is negligible, as can be seen by writing (4.4)
in terms of the viscous similarity variable, as
1
Pr
d2ψ
dη2
+η
dψ
dη
−4ψ =−4
{
−η erfc
(
η√
2
)
+
√
2
pi
exp
(
−1
2
η2
)}2
. (4.9)
If we ignore the conduction (second derivative) term which is O(Pr−1) as Pr→ ∞, we obtain
d
dη
(η−4ψ) =−4η−5
{
−η erfc
(
η√
2
)
+
√
2
pi
exp
(
−1
2
η2
)}2
. (4.10)
This cannot be integrated in closed form, but the constant of integration (which would multiply η4 in the
solution for ψ) must be set to zero in order to satisfy the boundary condition as η → ∞. An expansion
of the right hand side of (4.10) for large η yields
ψ ∼ exp(−η2){ 4
pi
η−6 +O(η−8)
}
as η → ∞, (4.11)
although increasing numerical coefficients in higher-order terms mean that this approximation is not
very useful computationally. Of more interest is the limit of small η , which is required for matching
with the thermal boundary layer: the right hand side of (4.10) is expanded to yield
d
dη
(η−4ψ) =− 8
pi
η−5 +
8
√
2√
pi
η−4 +O(η−3) , (4.12)
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FIG. 3. Temperature profiles in the thermal boundary layer for Pr = 104 with fixed wall temperature: numerical solution of (4.4)
with (4.5) (solid line); inner solution (4.15) for large Pr (dashed line); outer (zero-conduction) solution from (4.10) (dotted line).
from which
ψ ∼ 2
pi
− 8
√
2
3
√
pi
η+O(η2) as η → 0. (4.13)
Further terms in this expansion provide the best means of computing the solution, avoiding the awk-
wardness for numerical integration of having a removable singularity.
Within the thermal boundary layer, the expansion of the right hand side of (4.4) for large Pr is the
same as the expansion of the right hand side of (4.9) for small η , so the linear approximation to the
particular integral of (4.4) is the same as (4.13) (with η = ζ/Pr1/2). However, we now need to add the
complementary function (4.6), which must vanish as ζ → ∞ (because the particular integral is equal to
the large-ζ limit of ψ), yielding B=−A in (4.6). The wall condition ψ(0) = 0 then gives
A=− 2
3pi
. (4.14)
Thus the solution valid in the thermal (inner) boundary layer is
ψ =
2
pi
− 8
√
2
3
√
pi
ζ√
Pr
+
2
√
2
3pi3/2
(5ζ +ζ 3)exp
(
−1
2
ζ 2
)
− 2
3pi
(3+6ζ 2 +ζ 4)erfc
(
ζ√
2
)
, (4.15)
which is compared with the numerical solution of (4.4) with (4.5) for Pr = 104 and with the solution of
the zero-conduction equation (4.10) in Figure 3.
Differentiating (4.15), we obtain
dψ
dζ
=− 8
√
2
3
√
pi
1√
Pr
+
2
√
2
3pi3/2
(8+4ζ 2)exp
(
−1
2
ζ 2
)
− 2
3pi
(12ζ +4ζ 3)erfc
(
ζ√
2
)
, (4.16)
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so that
dψ
dζ
∣∣∣∣
ζ=0
=
16
√
2
3pi3/2
(
1− pi
2
√
Pr
)
, (4.17)
With Pr = 104, this formula from the large-Pr approximation yields the value 1.3332, agreeing to 4
significant figures with a value obtained from the numerical solution of the full boundary-layer equation
(4.4). Equation (4.16) does not allow an exact analytical solution for the location ζM or magnitude
ψM of the maximum of ψ; however, the form of (4.16) suggests ζM ∼
√
ln(Pr), and indeed numerical
calculation yields that
ζM ≈
√
ln(Pr)−1.31 (4.18)
is a very good approximation to the location of the maximum of the solution (4.15) for 102 6 Pr 6
104. Calculations with higher Pr suggest that terms of order ln(ln(Pr)) have been omitted; but more
importantly, values of ζM taken from the numerical solution of the full boundary-layer equation (4.4)
are approximated by (4.18) with an error of about 0.13 at Pr = 102, decreasing to less than 0.02 at
Pr = 104. An approximation to ψM may then be found by substituting a value for ζM into the linear
approximation (4.13) for the outer layer, given the observation from Figure 3 that the outer solution is
close to the full solution near the latter’s maximum.
4.2 Boundary layer structure at small Prandtl number
With small Pr, heat is generated in a thin viscous boundary layer and then conducted outwards into a
thicker thermal layer. In the viscous layer, equation (4.9) applies, and we require ψ = O(Pr) in order to
balance the conduction term with the viscous heating when Pr 1. So we let
ψ = Prφ (4.19)
to obtain
d2φ
dη2
+Prη
dφ
dη
−4Prφ =−4
{
−η erfc
(
η√
2
)
+
√
2
pi
exp
(
−1
2
η2
)}2
. (4.20)
We now ignore the terms of order Pr in (4.20), so that we can simply integrate the right hand side twice
and apply the wall boundary condition φ(0) = 0 to obtain
φ = Cη+
4
pi
−1− 16
3
√
pi
η erf(η)+
1
3
(3−η4)
(
erfc
(
η√
2
))2
+
2
√
2
3
√
pi
η(η2−1)e−η2/2 erfc
(
η√
2
)
− 2
3pi
(6+η2)e−η
2
. (4.21)
In the outer (thermal) layer, viscous heating is negligible: the right hand side of (4.4) is exponentially
small when Pr is small and ζ is of order unity. Thus its solution is simply the complementary function
(4.6), and the condition that ψ → 0 as ζ → ∞ then gives B=−A, so
ψ = A
{(
3+6ζ 2 +ζ 4
)
erfc
(
ζ√
2
)
−
√
2
pi
(5ζ +ζ 3)exp
(
−1
2
ζ 2
)}
. (4.22)
THERMAL BOUNDARY LAYER DUE TO VISCOUS DISSIPATION 9 of 15
ζ
ψ
FIG. 4. Temperature profile in the thermal boundary layer for Pr = 6.25×10−4, from numerical solution of (4.4) (solid line) and
asymptotic solutions for small Pr: inner solution ψ = Prφ with φ from (4.21) (dashed line) and outer solution (4.22) (dotted line),
with constants given by (4.25).
The constants A and C in (4.21) and (4.22) are determined by the following matching procedure. As
η → ∞, the inner solution (4.21) becomes
φ ∼ Cη+ 4
pi
−1− 16
3
√
pi
η+ exponentially small terms
∴ ψ ∼ Pr
(
4
pi
−1
)
+Pr1/2
(
C− 16
3
√
pi
)
ζ . (4.23)
As ζ → 0, the outer solution (4.22) becomes
ψ ∼ A
(
3− 8
√
2√
pi
ζ
)
+O(ζ 2) . (4.24)
Equating (4.24) to (4.23) then yields
A=
1
3
(
4
pi
−1
)
Pr , C =
16
3
√
pi
(
1−
√
Pr
2
(
4
pi
−1
))
. (4.25)
The numerical solution of the full boundary layer equation (4.4) is plotted for Pr = 6.25× 10−4 in
Figure 4, together with the inner and outer asymptotic solutions.
From the inner solution (4.21) we find
dψ
dζ
∣∣∣∣
ζ=0
=
8
√
2
3
√
pi
{
(
√
2−1)Pr1/2 +
(
1− 4
pi
)
Pr
}
, (4.26)
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in good agreement with values obtained from the numerical solution of (4.4) (difference of less than
0.5% at Pr = 0.01). The location and magnitude of the maximum of temperature are controlled by the
inner, viscous layer, so ζM ∝ Pr1/2 (or ηM ∼ constant) and ψM ∝ Pr; furthermore,
∫ ∞
0 ψ(ζ )dζ ∝ Pr,
since the height of the ψ profile is proportional to Pr and its width is constant (on the ζ scale). These
theoretical scalings are borne out by computations with several small values of Prandtl number.
5. The thermal boundary layer: adiabatic walls
The thermal boundary layer equation is still (4.4), but the boundary conditions are now
ψ ′(0) = 0, ψ → 0 as ζ → ∞ . (5.1)
With these boundary conditions, an integration of (4.4) yields∫ ∞
0
ψ dζ =
4
5
∫ ∞
0
{
− ζ
Pr1/2
erfc
(
ζ
(2Pr)1/2
)
+
√
2
pi
exp
(
− ζ
2
2Pr
)}2
dζ
=
16−8√2
15
√
pi
Pr1/2 ≈ 0.17626Pr1/2 . (5.2)
This is simply the specialisation to our boundary-layer flow of the equation
ρmc
d
dt
∫ ∞
0
T dy= µ
∫ ∞
0
(
∂W
∂Y
)2
dy (5.3)
which is obtained by integrating (2.2) with an adiabatic boundary condition at y= 0, and states that any
heat generated by viscous dissipation in the boundary layer must remain within the fluid.
The numerical solution of (4.4) with (5.1) in the case Pr = 1 is plotted in figure 5. The dimensionless
temperature at the wall in this case is ψ(0) = 0.2500.
5.1 Boundary layer structure at large Prandtl number
The solution in this case proceeds as in Section 4.1 above until the wall condition is applied. Using
ψ ′(0) = 0 yields the coefficient in the complementary function in the inner solution as
A=− 1
3Pr1/2
(5.4)
instead of (4.14), so that
ψ =
2
pi
− 8
√
2
3
√
pi
ζ√
Pr
+
√
2
3
√
piPr
(5ζ +ζ 3)exp
(
−1
2
ζ 2
)
− 1
3
√
Pr
(3+6ζ 2 +ζ 4)erfc
(
ζ√
2
)
, (5.5)
which is compared with the numerical solution of (4.4) with (5.1) for Pr = 104 and with the solution of
the zero-conduction equation (4.10) in Figure 6. The wall temperature according to (5.5) is
ψ(0) =
2
pi
− 1√
Pr
, (5.6)
which agrees fairly well with the result of the numerical solution: at Pr = 104, the value of 2/pi−ψ(0)
from the numerical solution is 0.00984 as compared with 0.01 according to (5.6).
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FIG. 5. Temperature profile in the thermal boundary layer for Pr = 1, from numerical solution of (4.4) with (5.1).
ζ
ψ
FIG. 6. Temperature profiles in the thermal boundary layer for Pr = 104 with adiabatic wall: numerical solution of (4.4) with (5.1)
(solid line); inner solution (5.5) for large Pr (dashed line); outer (zero-conduction) solution from (4.10) (dotted line).
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5.2 Boundary layer structure at small Prandtl number
As in Section 4.2 above, the inner solution is obtained by ignoring terms of order Pr in (4.20), but with
the adiabatic boundary condition we obtain
φ = C+
8
√
2
3
√
pi
η− 16
3
√
pi
η erf(η)+
1
3
(3−η4)
(
erfc
(
η√
2
))2
+
2
√
2
3
√
pi
η(η2−1)e−η2/2 erfc
(
η√
2
)
− 2
3pi
(6+η2)e−η
2
, (5.7)
from which
ψ = Prφ ∼ Pr
(
C+
8
√
2−16
3
√
pi
η
)
as η → ∞ . (5.8)
The outer solution is again (4.22), so the matching procedure equates (4.24) to (5.8) to yield
A=
√
2−1
3
Pr1/2 , C = (
√
2−1)Pr−1/2 . (5.9)
From the inner solution (5.7) we find the wall temperature to be
ψ(0) = Pr1/2(
√
2−1)+Pr
(
1− 4
pi
)
, (5.10)
which agrees with the result from numerical solution of (4.4) with (5.1) to within 0.5% at Pr = 0.01.
This numerical solution is plotted together with the inner and outer asymptotic solutions in Figure 7.
6. Physical scales
We have considered the initial development of the flow and temperature profile in a channel of half-
width L when a constant pressure gradient is imposed from time t = 0 on initially static, isothermal
fluid. Away from the channel walls, the fluid has a uniform, constant acceleration
A=
1
ρm
dPd
dZ
(6.1)
and remains at its initial temperature T0. Momentum and thermal boundary layers appear at the walls,
and grow diffusively so that their thicknesses at time t are, respectively,
δm ∼
(
µt
ρm
)1/2
, δθ ∼ Pr−1/2δm . (6.2)
This formulation of uniform outer flow with boundary layers remains valid as long as both boundary
layers remain thin compared to the channel half-width, i.e. at times less than tbm = ρmL2/µ if the Prandtl
number is large or of order unity, or less than tbθ ≡ ρmcL2/k if the Prandtl number is small; note that tbθ
is the scale that was used to nondimensionalise time in (2.5). With t in seconds and L in metres, water
(Pr≈ 7) has tbm ≈ 106L2 whereas in glycerol (Pr≈ 1.3×104), tbm ≈ 8×102L2; in mercury (Pr≈ 0.027),
tbθ ≈ 2×105L2. [Here and below, values of physical parameters for liquids are those at 20◦C according
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FIG. 7. Temperature profiles in the thermal boundary layer for Pr = 6.25× 10−4 with adiabatic wall: numerical solution of
(4.4) with (5.1) (solid line); inner solution ψ = Prφ with φ from (5.7) (dashed line) and outer solution (4.22) (dotted line), with
constants given by (5.9).
to http://www.freestudy.co.uk/liquid%20properties.htm (retrieved 16 August 2017), and should only be
taken as approximate representative values, especially since some of the parameters vary considerably
with temperature.]
At times t . tbm the fluid outside the boundary layers will have accelerated to a speed V = At which
is independent of fluid properties apart from density, although the maximum speed attainable is given
by the Poiseuille velocity scale
Atbm ∼ L
2
µ
dPd
dZ
. (6.3)
The rather opaque scalings (2.6), (2.7) and (4.2) together with (6.1) and V = At resolve to the simple
relation
T −T0 = V
2
c
ψ (6.4)
which embodies the idea that the temperature rise is due to conversion of kinetic energy to heat. Our
solutions for large Prandtl number have shown that ψ is bounded above by 2/pi (for both isothermal and
adiabatic wall conditions), so that even if glycerol was accelerated to 10m.s−1 it would experience a
temperature rise of less than 0.03◦C. With small Prandtl number we have found that ψ < Pr1/2(
√
2−1)
with an adiabatic wall, and ψ is even smaller (∝ Pr) with an isothermal wall. Liquid metals tend to have
low specific heat capacities, which somewhat compensates for the effects of small Prandtl number in
terms of temperature rise according to (6.4); however, mercury accelerated to 10m.s−1 with an adiabatic
wall would still experience a temperature rise of less than 0.05◦C.
The total heat generated per unit mass of fluid is
V 2
√
2τ
∫ ∞
0
ψ dζ ≈ 0.25V 2
(
Pr
t
tbθ
)1/2
(6.5)
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where the factor
√
2 on the left arises from our scalings, and the right-hand estimate applies according
to (5.2) when the walls are adiabatic so that no heat can escape. With Pr . 1 the accelerating phase of
flow has ended by the time t/tbθ = 1, but if the Prandtl number is large it ends when t/tbθ ∼ Pr−1. Thus,
even with glycerol, the total heat generated in the accelerating phase if the fluid has a final velocity of
10m.s−1 is only about 25J.kg−1.
If the walls are isothermal, there is heat flux
k
∂T
∂Y
∣∣∣∣
wall
=
(
kρm
2c
)1/2
V 3/2A1/2
dψ
dζ
∣∣∣∣
ζ=0
(6.6)
through the walls when the flow has reached velocityV at acceleration A. Values of dψ/dζ |ζ=0 are less
than 1.4 for large Prandtl number, and less than 0.9Pr1/2 for small Prandtl number, according to (4.17)
and (4.26) respectively. If we take the rather extreme situation of an applied pressure gradient equal to
the hydrostatic value, so that the fluid accelerates at g to reach V = 10m.s−1 in 1 second, the wall heat
flux with glycerol would still be less than 40W.m−2.
We neglected the buoyancy term in (2.8) on the basis that θ = O(τ2) (and θm = O(τ5/2)) when we
solved the system (2.8) and (2.9) by formal expansion in powers of τ . In terms of physical magnitude,
the buoyancy may be compared with the applied pressure gradient:
θ
Π
=
gβ
c
At2ψ , (6.7)
where gβ/c ≈ 1.3× 10−5 m−1 for mercury (and has smaller values for water and glycerol). Since
ψ = O(1) (or smaller) in all our solutions, it is clear that the buoyancy force resulting from viscous
dissipation in the acceleration phase is unlikely to be significant, at least in flows on the laboratory
or industrial scale. The quantity (gβ/c)At2 in (6.7) is essentially the same as the local dissipation
number introduced by Gebhart (1962) as a measure of the contribution of viscous dissipation in steady
free-convection flow adjacent to a heated wall, and this author comes to similar conclusions about the
importance of viscous heating in engineering applications. Furthermore, proceeding to O(τ2) in (2.8)
to determine the effect of this buoyancy force on the flow seems unlikely to be of great mathematical
interest, so we have not pursued this. Thus the original specification that the channel is vertical becomes
irrelevant: with buoyancy force neglected, our equations apply equally to a channel in any orientation.
7. Conclusions
Our solutions apply to the initial accelerating stage of flow due to the sudden imposition of a pressure
gradient in a channel, before Poiseuille flow becomes established, but also more generally to the bound-
ary layer on a plane wall in a flow with constant acceleration. Because we have not examined the effects
of the buoyancy force which results from viscous heating, the results are independent of the orientation
of the channel or wall. The physical scales of the effects of dissipation in these accelerating flows have
been shown to be rather small in most engineering applications, but the results do have some mathemat-
ical interest, particularly because most previous studies involving viscous dissipation have considered
steady flows. We envisage that our solutions will be of use in initiating the numerical solution of heat
transfer problems in flows started from rest.
Our analysis has solved the thermal boundary layer equation, in which the viscous dissipation term
has been calculated from the velocity profile obtained by Blasius (1908) for the momentum boundary
layer in an accelerating flow. We have paid particular attention to the asymptotic limits of large and small
THERMAL BOUNDARY LAYER DUE TO VISCOUS DISSIPATION 15 of 15
Prandtl number, and considered both isothermal and adiabatic wall conditions. Large Pr means that
viscous dissipation occurs in a broad momentum boundary layer, within which the temperature adjusts
to the wall condition in a narrower thermal layer. Thus the maximum temperature rise is approximately
independent of the wall condition and of the Prandtl number for Pr 1, being given by (6.4) with
ψ ≈ 2/pi . In contrast, small Prandtl number means that viscous heating only occurs in a narrow layer,
but the heat is conducted outwards to a broader thermal layer. Since the region where heat is generated
becomes smaller as Pr decreases, the temperature rise also decreases with smaller Pr; furthermore, an
isothermal wall allows heat to be removed from the fluid, so the reduction in temperature rise with
decreasing Pr is more rapid (T −T0 ∝ Pr) in this case than with an adiabatic wall (T −T0 ∝ Pr1/2).
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